For the case of generic 4d symplectic maps with a mixed phase space we investigate the global organization of regular tori. For this we compute elliptic 1-tori of two coupled standard maps and display them in a 3d phase-space slice. This visualizes how all regular 2-tori are organized around a skeleton of elliptic 1-tori in the 4d phase space. The 1-tori occur in two types of one-parameter families: (α) Lyapunov families emanating from elliptic-elliptic periodic orbits, which are observed to exist even far away from them and beyond major resonance gaps, and (β) families originating from rank-1 resonances. At resonance gaps of both types of families either (i) periodic orbits exist, similar to the Poincaré-Birkhoff theorem for 2d maps, or (ii) the family may form large bends. In combination these results allow for describing the hierarchical structure of regular tori in the 4d phase space analogously to the islands-around-islands hierarchy in 2d maps. For Hamiltonian systems with two degrees of freedom or two-dimensional area-preserving maps a detailed understanding of dynamics is wellestablished: Around stable periodic orbits one typically has invariant regular tori if their frequency is sufficiently irrational as predicted by the Kolmogorov-Arnold-Moser (KAM) theorem. For rational frequencies, the Poincaré-Birkhoff theorem predicts a chain of elliptic and hyperbolic periodic orbits. These structures can be directly visualized by two-dimensional plots of the dynamics providing a high level of intuition. In this paper we make progress towards a similar level of understanding for higher-dimensional systems using 3D phase-space slices to visualize the dynamics. For a 4D map we show that all regular 2-tori are organized around a skeleton of elliptic 1-tori, see Fig. 1 . These are associated either with elliptic-elliptic periodic orbits or with rank-1 resonances. The visualization allows for an intuitive understanding of the organization of regular tori and their hierarchy in higher-dimensional systems analogously to 2D maps.
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For Hamiltonian systems with two degrees of freedom or two-dimensional area-preserving maps a detailed understanding of dynamics is wellestablished: Around stable periodic orbits one typically has invariant regular tori if their frequency is sufficiently irrational as predicted by the Kolmogorov-Arnold-Moser (KAM) theorem. For rational frequencies, the Poincaré-Birkhoff theorem predicts a chain of elliptic and hyperbolic periodic orbits. These structures can be directly visualized by two-dimensional plots of the dynamics providing a high level of intuition. In this paper we make progress towards a similar level of understanding for higher-dimensional systems using 3D phase-space slices to visualize the dynamics. For a 4D map we show that all regular 2-tori are organized around a skeleton of elliptic 1-tori, see Fig. 1 . These are associated either with elliptic-elliptic periodic orbits or with rank-1 resonances. The visualization allows for an intuitive understanding of the organization of regular tori and their hierarchy in higher-dimensional systems analogously to 2D maps.
I. INTRODUCTION
The dynamics of higher-dimensional Hamiltonian systems is intensively studied in many areas of physics, chemistry, and mathematics 1 , such as the solar system 2-4 , particle accelerators 5 , atoms and molecules [6] [7] [8] [9] [10] [11] , as well as KAM-theory [12] [13] [14] [15] . Especially important phenomena are Arnold diffusion 1, 4, 16, 17 , which exclusively occurs in higher-dimensional systems, and power-law trapping or stickiness of chaotic orbits [18] [19] [20] [21] [22] , whose mechanism is still unknown for these systems. To investigate these questions it is particularly convenient to study 2f -dimensional symplectic maps, which, e.g., arise from autonomous Hamiltonian systems with f +1 degrees of freedom or time-periodically driven systems with f degrees of freedom.
For 2d symplectic maps the organization of structures in phase space is well understood 1 : Around elliptic fixed points and periodic orbits one has 1d regular tori with sufficiently irrational frequencies as predicted by the Kolmogorov-Arnold-Moser (KAM) theorem. This surrounding of an elliptic point is referred to as a regular island. In contrast, resonant regular tori break up in the non-integrable case into chains of elliptic and hyperbolic periodic orbits according to the Poincaré-Birkhoff theorem. This gives rise to a whole hierarchy of regular islands, e.g., islands-around-islands 23 . This hierarchy along with its affiliated structures, like stable and unstable manifolds, governs the dynamics in phase space.
For higher-dimensional maps the organization of regular tori in phase space is more complicated: For a 2f -dimensional symplectic map the corresponding phase space in general contains regular tori of dimensions d = 0, . . . , f [12] [13] [14] 24 , in the following denoted as d-tori. The behavior normal to lower-dimensional tori (0 < d < f ) and fixed points (d = 0) can be an arbitrary combination of hyperbolic and elliptic components [25] [26] [27] . A d-torus is called elliptic or hyperbolic if all its normal components are elliptic or hyperbolic 25 . Hyperbolic tori, also called whiskered tori, are important for many dynamical properties of a system, including Arnold diffusion [11] [12] [13] 16, 28 . The regular tori have a hierarchical ordering in the sense that Cantor families of elliptic d-tori are arranged around elliptic (d − 1)-tori for 0 < d ≤ f in an intricate way 25, 26, 29 . In particular, the elliptic (lower-dimensional) tori are investigated in the context of KAM-theory 15,28-31 , important for the description of (Hopf)-bifurcations 27,32-34 , and one origin of stickiness 19, [35] [36] [37] . Furthermore, the hierarchical ordering of elliptic tori has been studied for the hydrogen atom in crossed fields 8, 38 and in the context of Hamilton-Hopf bifurcations 27,39 , and observed in solar systems 40, 41 . However, despite the available analytical and numerical results a complete description of the phase-space structures and their geometry is still missing for higher-dimensional systems. Most of the mentioned results have been obtained by normal form tools [12] [13] [14] [15] 24, 26, 30 or other perturbative schemes 33, 34, 39 and therefore only cover nearintegrable systems or the vicinity of invariant objects, e.g., fixed points. However, many practical applications are concerned with non-perturbative systems 8, 10, 31, 38 . Thus, it is particularly relevant to investigate the phasespace structures in systems far from integrability and far from fixed points.
The aim of this paper is to investigate and visualize the organization of regular tori of generic 4d symplectic maps to gain an understanding similar to the insights already available for 2d maps. For this we use a new numerical algorithm to compute elliptic 1-tori from their surrounding 2-tori. We employ the 3d phase-space slices 42 to simultaneously display both 1-and 2-tori, see Fig. 1 . The 3d impression is considerably enhanced when one rotates the figure with standard 3d graphics. For the convenience of the reader for all 3d phase-space slices in this paper videos with rotating camera position are given in the supplemental material 74 . The 3d phase-space slices clearly visualize that families of elliptic 1-tori form a skeleton for the surrounding 2-tori. We show that two types of such families can be distinguished depending on whether they are associated with (α) an elliptic-elliptic fixed point (or elliptic-elliptic periodic orbit) or (β) a rank-1 resonance. The former families originate from the center submanifolds of the elliptic-elliptic fixed points and are also called Lyapunov families of invariant curves 15, 27 , while the latter are fundamentally different. We explain the origin of this type of families in detail based on results concerning the break-up of resonant 2-tori 30 and frequency analysis 43 . Furthermore, we find two kinds of resonance gaps which interrupt the skeleton of elliptic 1-tori: (i) Periodic orbits exist at rational intrinsic frequencies, similar to the Poincaré-Birkhoff theorem for 2d maps, or (ii) large bends of the skeleton may occur at resonances involving the normal component. In combination of these results we generalize the islands-around-islands hierarchy known from 2d maps to the regular tori in the 4d phase space, based on the hierarchy of families of 1-tori. This paper is organized as follows: In Sec. II A we introduce the map and review the 3d phase-space slices. In Sec. II B they are used to visualize the 1-and 2-tori and are related to 3d projections. Sec. II C presents a frequency analysis of the 1-and 2-tori. In Sec. II D the origin of the second type of families of 1-tori is explained and in Sec. II E the resonance gaps are discussed. In Sec. III the hierarchical structure of the 4d phase space is described. Finally, Sec. IV gives a summary and an outlook. The algorithm to compute 1-tori is presented in Appendix A and a review and illustration of the break-up of resonant 2-tori is given in Appendix B.
II. ORGANIZATION OF PHASE SPACE BY 1-TORI
A. Coupled standard maps and 2-tori As a concrete example to study the organization of phase space in 4d maps we consider the prototypical system of two coupled standard maps
where p 1 , p 2 , q 1 , q 2 ∈ [− 1 /2, 1 /2) and periodic boundary conditions are imposed in each coordinate. The resulting map is symplectic. The parameters K 1 and K 2 control the nonlinearity of the individual 2d standard maps in (p 1 , q 1 ) and (p 2 , q 2 ), respectively. The parameter ξ 12 introduces a coupling between the two degrees of freedom. We choose K 1 = −2.25, K 2 = −3.0 and ξ 12 = 1.0, such that the system is strongly coupled and far from integrability 42 . The origin u fp = (p 1 , p 2 , q 1 , q 2 ) = (0, 0, 0, 0) is an elliptic-elliptic fixed point. The eigenvalues (λ ). An orbit started at some initial point in the 4d phase space leads to a sequence of points (p 1 , p 2 , q 1 , q 2 ) under the map (1) . Such an orbit can be visualized by using a 3d phase-space slice Γ ε , defined by thickening a 3d hyperplane Γ in the 4d phase space 42 . Explicitly, we consider the slice defined by
with p * 2 = 0 and ε = 10 −4 as it provides a good view of most structures of the map (1). Whenever a point of an orbit lies within Γ ε , the remaining coordinates (p 1 , q 1 , q 2 ) are displayed in a 3d plot. Objects of the 4d phase space will typically appear in the 3d phase-space slice with a dimension reduced by one, provided the object intersects with the slice. Thus, a typical 2-torus will lead to two or more 1d lines. A periodic orbit will in general not be visible, unless at least one of its points lies in the 3d phase-space slice.
In Fig. 1 several initial conditions leading to regular orbits are selected and iterated until for each of them 4000 points are contained in the 3d phase-space slice. They lead to 1d rings shown in gray in Fig. 1 . In the center of phase space one has the elliptic-elliptic fixed point u fp , which is surrounded by a two-parameter family of 2-tori. Further away the 2-tori form different clusters, each approximately filling a 4d volume in the 4d phase space. This regular region is embedded in a chaotic sea (not shown) formed by chaotic orbits. These structures have previously been discussed in detail 42 .
B. Skeleton of 1-tori Fig. 1 shows that the 2-tori seem to be organized in some way even far away from the elliptic-elliptic fixed point u fp . We demonstrate in this section that the 2-tori are grouped around families of elliptic 1-tori. Note that in the following 1-torus always refers to elliptic 1-torus.
In order to understand this organization in phase space, we start by considering a 2-torus and contract its minor radius to zero using the algorithm described in Appendix A. The resulting object is a 1-torus. If such a 1-torus intersects with the 3d phase-space slice it will typically lead to two or more points in the slice. Performing this contraction procedure for many 2-tori one gets the result shown in Fig. 1 : The points of the 1-tori approximately form lines in the 3d phase-space slice. This means that the 1-tori form one-parameter families M in the 4d phase space. We denote their representation in the 3d phase-space slice as central lines C. In Fig. 1 all 2-tori appear to be centered around one of these lines. This is particularly well visible, e.g., for the tori around the center lines C fp 1 (orange) and C res (magenta). Thus, the families of 1-tori M provide the skeleton for the surrounding 2-tori. The 1-tori composing a particular family M can also be displayed by 3d projections encoding the value of the projected coordinate by a color scale 45, 46 , see Fig. 2 .
We now discuss the two types of families of 1-tori M. This will be done starting from their representation as central lines C in the 3d phase-space slice, see These features remind of the invariant manifolds predicted by the Lyapunov center theorem 48 . However, since the system is not integrable, M of u fp , respectively. We observe that these families also exist far away from the elliptic-elliptic fixed point u fp and continue beyond large resonance gaps.
The central lines C 7 shown in blue in Fig. 1 are associated with two elliptic-elliptic periodic orbits of period 7. Each torus consists of seven disjoint parts in the 4d phase space 42 . The central lines emanating from each point of the elliptic-elliptic period-7 orbits are conceptually the same as the central lines of the central elliptic-elliptic fixed point u fp . In Appendix B it is explained that the period-7 orbits exist due to a rank-2 resonance. Fig. 2 (b) has a very different topology from case (α) in Fig. 2 (a) . It is shown in Sec. II D, that such types of families of 1-tori result from broken resonant 2-tori of a rank-1 resonance. In the case of C res it is the −1 : 3 : 0 resonance. Still, we make the same observations regarding resonance gaps as in case (α), see Sec. II E.
Note that there is a case where the types (α) and (β) coincide. Such families of 1-tori are discussed in Sec. III.
C. 1-tori in the frequency plane
In order to understand the influence of resonances we now relate the observations in phase space to a frequency analysis 43, 51 which associates with each 2-torus its two fundamental frequencies (ν 1 , ν 2 ) ∈ [0, 1[ 2 . These are displayed in the frequency plane, see Fig. 3 , where the gray points represent 2-tori obtained by starting 10 8 initial conditions with randomly chosen p 1 , p 2 , q 1 , q 2 ∈ [−0.2, 0.2] in the 4d phase space. Each frequency pair is calculated from N = 4096 iterations. To decide whether an orbit is regular we use the frequency criterion
where the frequency pair (ν 1 ,ν 2 ) is calculated from N further iterations. This leads to nearly 3 · 10 6 regular 2-tori. Since the frequencies (ν 1 , ν 2 ) are only defined up to a unimodular transformation 38, 52, 53 we use the 3d phasespace slices to choose frequencies consistently 42 . The frequency plane is covered by resonance lines m 1 : m 2 : n, on which the frequencies fulfill where m 1 , m 2 , n are integers with at least one being nonzero. The most important resonance lines are displayed in Fig. 3 . The two-parameter families of 2-tori in the 3d phasespace slice directly correspond to areas in the frequency plane 42 . For example, the frequencies (ν fp 1 , ν fp 2 ) of the elliptic-elliptic fixed point u fp correspond to the rightmost tip. Large gaps due to resonances, like the 3 : 1 : 1 and the −1 : 2 : 0, correspond to gaps in the 3d phasespace slice, see Fig. 1 .
In contrast to a 2-torus, the dynamics on a 1-torus is described by only one frequency, which is also called intrinsic frequency. For example, the frequency on M fp 1 (orange) corresponds to ν 1 and on M (β) The frequencies of the family of 1-tori M res (magenta) lie on the −1 : 3 : 0 resonance line in Fig. 3 . The frequencies of their surrounding 2-tori also lie on this resonance line.
The reason that the families M 7 and M res and their surrounding 2-tori collapse on a point or a line, respectively, in Fig. 3 is that here the frequencies are calculated with respect to the central elliptic-elliptic fixed point u fp . In Sec. III an adapted frequency analysis is performed for these cases.
D. Families of 1-tori from rank-1 resonances
We now discuss that families of 1-tori of type (β), such as M res , which do not correspond to Lyapunov families of elliptic-elliptic fixed points or periodic orbits, originate from broken 2-tori that fulfilled a rank-1 resonance condition. This follows by applying results of Todesco 30 , which are obtained for the vicinity of an elliptic-elliptic fixed point, to arbitrary families of resonant 2-tori far away from a fixed point or even in the absence of a fixed point. This is reviewed and illustrated in Appendix B:
One of the results is that a 2-torus fulfilling a rank-1 resonance in an integrable 4d symplectic map breaks up into several 1-tori when a perturbation is added. More precisely, an equal number of elliptic and hyperbolic 1-tori remains after the break-up of the 2-torus. Since for each rank-1 resonance there is usually a one-parameter family of 2-tori in the integrable system we infer that in the perturbed system for each of these resonances a oneparameter Cantor family of elliptic 1-tori exists. The appearance of these families in phase space is governed by the position and dynamics of the original resonant 2-tori, see Appendix B.
The 1-tori of the central lines C res (magenta) in Fig. 1 originate from the one-parameter family of broken 2-tori whose frequencies lie on the −1 : 3 : 0 resonance line. This is in accordance with the frequencies of the 1-tori of the family M res in Fig. 3 . Note that we only show the elliptic and not the hyperbolic 1-tori of the broken 2-tori in Figs. 1 and 2 (b) . While M res is an example for a coupled rank-1 resonance, we make analogous observations for uncoupled rank-1 resonances, e.g., for the 7 : 0 : 2 resonance in Appendix B.
E. Resonance gaps in the skeleton of 1-tori As mentioned in the previous sections the skeleton of 1-tori is interrupted by gaps due to resonances. Two different types of such gaps are observed depending on whether the normal frequency is involved in the resonance:
(i) If the intrinsic frequency along a family of 1-tori crosses a rational number, we observe a chain of alternating elliptic-elliptic and elliptic-hyperbolic periodic orbits arranged on a 1d line. This reminds of a break-up of a resonant 1-torus according to the Poincaré-Birkhoff theorem in 2d maps. As an example, we show in Fig. 2 (a) two elliptic-elliptic and two elliptic-hyperbolic periodic orbits of period 7, forming a chain in the gap of the family M fp 1 . As seen in Fig. 3 , these period-7 orbits arise from the intersection (red) of the 7 : 0 : 2 resonance (green) with the family M fp 1 (orange). The emanating families of 1-tori M α2 and their surrounding are discussed in Sec. III and shown in Fig. 4 (c) .
(ii) If the frequencies along a family of 1-tori cross a resonance involving the normal frequency, the central lines in the vicinity of the resonance may bend on either side of the resonance gap. This is well visible in Fig. 1 for the big gap of the central line C Fig. 1 . This is similar to the period tripling bifurcation for area-preserving 2d maps.
These observations correspond well to results about bifurcations of a 1-torus in volume-preserving 3d diffeomorphisms 55 and in a quasi-periodically forced Hamiltonian oscillator 56 . In particular, there it is observed that bends occur at resonances m int : m norm : n at which the coefficient m norm of the normal frequency fulfills |m norm | = 1. This condition is fulfilled for M fp 1 crossing the 3 : 1 : 1 resonance and M fp 2 crossing the −1 : 2 : 0 resonance. A more detailed investigation of the resonance gaps, which also takes into account hyperbolic 1-tori, is left for the future.
III. HIERARCHY OF REGULAR TORI
It is well-established that the phase space of 2d maps generically exhibits a hierarchy 1,23 of regular tori, i.e., islands-around-islands and island chains converging towards an irrational torus. In this case the regular tori are organized around elliptic periodic orbits. We now discuss for 4d maps a hierarchy similar to the islandsaround-islands case. Since 2-tori are organized around elliptic 1-tori, it is sufficient to understand the hierarchy of families of elliptic 1-tori. In this sense, these families of elliptic 1-tori correspond to the elliptic periodic orbits in 2d maps.
According to the previous section there are two possible origins for families of elliptic 1-tori: (α) A family emanates from an elliptic-elliptic point or (β) it results from broken resonant 2-tori that fulfilled a rank-1 resonance. The elliptic-elliptic points in case (α) can be either due to (α1) a broken 2-torus that fulfilled a rank-2 resonance, see Appendix B, or (α2) a broken elliptic 1-torus with rational intrinsic frequency ν 1 = m/n, i.e., a rank-1 resonance m : 0 : n, see Sec. II E (i).
There is a hierarchical structure, where families of elliptic 1-tori are organized around a family of elliptic 1-tori. Consider such a family of elliptic 1-tori M with intrinsic frequencies ν 1 , which is surrounded by its twoparameter family of 2-tori T . The next level of the hierarchy around M results from three types of structures:
(α1) rank-2 resonances in T , each giving ellipticelliptic points with two families M β . Around each of these new families of 1-tori the hierarchy continues with these three types (α1), (α2) and (β) on finer and finer scales. The case (α1) might be seen as a direct generalization of the islands-around-islands hierarchy in 2d maps 1, 23 . It is interesting to observe that in case (α2) the family M Figs. 4 (d) , (e), and (f) show the corresponding frequency planes. For this we calculate the frequencies of each torus with respect to its organizing structure (a similar method has been used for time-continuous systems 57 ). That is, for a torus around M 7 or M α2 1,2 only every 7-th point is used to obtain the frequencies (ν 1 , ν 2 ) and (ν 1 , ν 2 ) respectively. For a torus around M res additionally to the frequency ν 1 = ν 1 /3 = ν 2 another independent frequency ν 2 is computed. Fig. 4 provides examples for all three cases:
(α1) The families M (β) M res , which originates from the −1 : 3 : 0 resonance, leads to C res in Fig. 4 (b) . The regular regions for such a resonance in Fig. 4 Fig. 4 (c) . Consequently, C α2 1 is quite short. M α2 2 , leading to C α2 2 (green) in Fig. 4 (c) , coincides with the type (β) family originating from the 7 : 0 : 2 resonance, see Fig. 3 . As none of the points of the elliptic-elliptic period-7 orbit lie in the p * 2 = 0 slice, see Fig. 2 (a) , they are not visible in Fig. 1 . Thus, we use in Fig. 4 (c) the slice condition q * 2 = 0. Note that, as in the case of 2d maps, there may be periodic orbits that neither correspond to case (α1) nor (α2). They result from saddle-node bifurcations 58 and generate their own hierarchy in the above sense. Such bifurcations have to be investigated with parameter studies 59 , which are not performed here.
IV. SUMMARY AND OUTLOOK
In this paper we study the organization of regular tori in a generic 4d map. Using 3d phase-space slices we visualize how the 2-tori are arranged around a skeleton of elliptic 1-tori, which are computed using a new iterative contraction method. This provides a generalization of the well-known case of 2d maps, where regular tori encircle elliptic fixed points or periodic orbits.
The 1-tori occur in one-parameter families, appearing as Cantor central lines in the 3d phase-space slice. Two types of families can be distinguished: (α) Families emanating from an elliptic-elliptic fixed point or periodic orbit. While this type is known from near-integrable systems to correspond to Lyapunov families of invariant curves, we observe that these families exist far away from the elliptic-elliptic points and continue beyond large resonance gaps. We show that type (β) results from broken resonant 2-tori that fulfilled a rank-1 resonance condition.
The skeleton of 1-tori is interrupted by resonance gaps. We observe two distinct behaviors when a family of 1-tori crosses a resonance: (i) If the resonance involves only the intrinsic frequency of the 1-tori, periodic orbits occur similar to the case of the Poincaré-Birkhoff theorem of 2d maps. (ii) If the resonance involves the normal frequency of the 1-tori, the family may bend on either side of the resonance gap. At low order resonances these bends have substantial impact on the geometry and dynamics in phase space. The two types of families of 1-tori, their interplay with resonances, and the break-up of resonant 2-tori allow for interpreting all observed regular structures. These results also explain the hierarchy of the regular structures and thus generalize the well-known islands-around-islands hierarchy of 2d maps.
As an outlook we mention that it should be possible to extent the results to understand the origin of lower-dimensional tori and their hierarchy in even higherdimensional systems. Moreover, the visualization of central lines formed by elliptic 1-tori should be complemented by a computation of hyperbolic 1-tori. Another line of investigation is to have a more detailed look at the resonance gaps and bifurcations of the families of 1-tori.
We believe that the computation and visualization of the skeleton of 1-tori can also be useful for other systems like the helium atom, the hydrogen atom in crossed fields, or the restricted three-body problem to understand the organization of regular tori in phase space.
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Appendix A: Computation of elliptic 1-tori
While f -tori in a 2f -dimensional phase space can be found by a brute-force search and many algorithms exist to determine periodic orbits, lower-dimensional tori have to be obtained from more sophisticated algorithms 27,41,55,61-67 . We present a new approach which is based on an iterative contraction of f -tori to lowerdimensional elliptic tori 22, 68 . One of the advantages of this approach is that it has not to be adjusted for more complicated topologies of 1-tori, i.e., occurring at the resonance gaps, and that it does not require any slices. Moreover, as no continuation is necessary to find families of 1-tori the algorithm is not restricted by large resonance gaps. The basic idea should work for arbitrary dimensions, but for simplicity we only discuss the case f = 2.
The idea of the iterative method is to start from a 2-torus and geometrically contract it to a 1-torus, i.e., a 2-torus for which one action is 0: Consider an initial 2-torus T 0 with actions (I 
The points x 0 (t l ) differ in their normal angle Θ 
for t < τ . If the maximal square deviation σ 2 τ = sup t<τ || x(t) − x N (t)|| 2 of the Fourier series is smaller than a prescribed value σ 2 max , the torus T N is considered to be a 1-torus. However, even if this criterion is fulfilled for a chosen τ the actual torus may still have a large minor radius. This becomes only apparent when using more iterations t > τ . Such a torus usually has frequencies close to a rank-1 resonance. Thus, additionally we use the maximal square deviation σ
with the previous Fourier series x(t) obtained from t < τ . A torus is discarded if the ratio R σ 2 = σ 2 4τ /σ 2 τ is bigger than R max . In such cases one could also increase t max to obtain a better converged torus.
To obtain the 1-tori used in this paper we start from approximately 3 · 10 6 2-tori, see Sec. II C, and for each of them use initially N = 10, L = 10, t max = 2 14 , τ = 4096, and the smallest k max ∈ [40, 80, 160, 320, 400] for which σ 2 τ < σ 2 max = 10 −10 and R σ 2 < R max = 2.25 is fulfilled. If these criteria fail the computation is repeated one more time with doubled t max . Since the algorithm sometimes converges to periodic orbits, also 1-tori with near-rational major frequency ν −10 it is discarded. Finally, the intersections of converged tori with the 3d phase-space slice are obtained by linear interpolation using 10 4 iterates of each torus. The result is accepted if the points used for the interpolation are closer to the slice than 10 −3 . Larger distances result from a near-rational major frequency and could be treated by using more iterates or higher order interpolation methods. Some converged tori intersect the slice more often due to strong bends or a shallow intersection angle. To display only the main skeleton of 1-tori, we excluded such tori if in case of M . An advantage of the algorithm is that only the major frequency ν 1 has to be computed correctly to obtain the right central lines: For example to get the Lyapunov families of the elliptic-elliptic fixed point u fp the frequency with largest amplitude is used. For the Lyapunov families of the elliptic-elliptic period-7 orbits the frequency with largest amplitude with respect to the 7-th iterate of the map is chosen. For the −1 : 3 : 0 resonance the frequency ν 1 /3 = ν 2 is used. Note that the algorithm can also converge to 1-tori of rank-1 resonances m 1 : m 2 : n at which the coefficient m 2 of the normal frequency, or in this context minor frequency, fulfills |m 2 | = 1, e.g., the 7 : 1 : 2 resonance at M fp 1 . These 1-tori have been omitted in the figures for simplicity.
Appendix B: Break-up of resonant 2-tori In this section, we briefly review and illustrate the results of Todesco about the break-up of resonant 2-tori of an integrable 4d symplectic map when a perturbation is added 30 . These results are derived for the vicinity of an elliptic-elliptic fixed point, but we find the described behavior for resonant tori far away from a fixed point or even in the absence of a fixed point. Also, the examples demonstrate how the geometry of the original resonant 2-torus governs the geometry of the phase-space structures remaining after the break-up. Additionally, the break-up of a 1-torus with rational intrinsic frequency is presented, a case not discussed by Todesco.
The break-up of a resonant 2-torus in a 4d symplectic map depends on the number k of fulfilled, linearly independent resonance conditions, Eq. (4), denoted as rank k, and whether the resonance is coupled or uncoupled. The four possible cases are illustrated by examples in phase space and the frequency plane, see Fig. 5 . The example tori are chosen as close as possible to each other such that the geometry of the unbroken tori resemble each other. Thus, they look like different cases of resonances for geometrically the same torus.
a. Rank-0: On a non-resonant 2-torus of the integrable system each orbit is dense. Such a 2-torus will in general survive a perturbation and just be deformed (KAM-theorem). An example is shown in Fig. 5 (b) and marked as point (b) in Fig. 5 (a) . Such 2-tori have been called rotational 46, 71 . b. Rank-1, uncoupled: If one uncoupled resonance condition m 1 ν 1 = n with m 1 = 0 is fulfilled on a 2-torus of the integrable system, each orbit on it densely fills m 1 disjunct lines. At least 2m 1 of these infinite number of lines survive a perturbation, alternating between normally elliptic and normally hyperbolic 72 . An example is shown in Fig. 5 (c) and marked as point (c) in Fig. 5 (a) . The original 2-torus broke since it was on the 7 : 0 : 2 resonance leaving a 1-torus consisting of seven elliptic lines (hyperbolic lines not shown). This 1-torus is displayed in Fig. 5 (c) along with a 2-torus from its elliptic surrounding. In this example there are another seven elliptic lines (not shown).
c. Rank-1, coupled: If one coupled resonance condition Eq. (4) with both m 1 and m 2 nonzero is fulfilled on a 2-torus of the integrable system, each orbit on it densely fills a line. At least one elliptic and one hyperbolic line survive a perturbation. An example is shown in Fig. 5 (d) and marked as point (d) in Fig. 5 (a) . The original 2-torus broke since it was on the −1 : 3 : 0 resonance leaving one elliptic line (hyperbolic line not shown). This 1-torus and a thin 2-torus from its elliptic surrounding are displayed in Fig. 5 (d) . Such 2-tori of rank-1 resonances have been called tube tori 46, 71 . d. Rank-2: If two independent resonance conditions Eq. (4) are fulfilled on a 2-torus of the integrable system, each orbit on it is periodic. If the resonance is at (ν 1 = n1 m1 , ν 2 = n2 m2 ) then the period is given by lcm(m 1 , m 2 ). At least four periodic orbits survive a perturbation: either one elliptic-elliptic, one hyperbolichyperbolic, and two elliptic-hyperbolic periodic orbits or two complex unstable and two elliptic-hyperbolic periodic orbits. Such a break-up has also been derived from symmetry considerations 58 and has been analyzed also for the case of strong resonances 73 . An example for a rank-2 resonance is shown in Fig. 5 (e) and marked as point (e) in Fig. 5 (a) . The original 2-torus broke since it was at the intersection of the resonances 7 : 0 : 2 and −1 : 3 : 0 leaving two elliptic-elliptic, two hyperbolichyperbolic, and four elliptic-hyperbolic periodic orbits of period 21. The twofold number of periodic orbits is analogous to the twofold number of surviving 1-tori for the 7 : 0 : 2 resonance. Another example for a rank-2 resonance are the period-7 orbits the central lines C 7 in Fig. 1 originate from. These periodic orbits result from the rank-2 resonance at the intersection of the resonances 7 : 0 : 2 and 3 : 1 : 1, see Fig. 3 .
For reasons of continuity we expect the periodic orbits of a rank-2 resonance to be located where the surviving lines of the two crossing rank-1 resonances get close to each other in phase space. For example, we expect an elliptic-elliptic periodic orbit, where an elliptic line of the first rank-1 resonance and an elliptic line of the second one get close to each other. This is nicely illustrated by the rank-2 resonance in Fig. 6 . There each of the elliptic 1-tori of the 5 : −5 : 1 and 7 : 0 : 2 resonances almost coincides with a chain of alternating elliptic-elliptic and elliptic-hyperbolic periodic orbits. Elliptic-elliptic points occur where these elliptic 1-tori almost intersect. Note again that there exists another elliptic 1-torus from the 7 : 0 : 2 resonance in between the shown ones.
From this argument also the number and stability of periodic orbits resulting from a rank-2 resonance becomes plausible: The elliptic (E 1 ) and the hyperbolic (H 1 ) line of the first rank-1 resonance intersect in four kind of points with the elliptic (E 2 ) and hyperbolic (H 2 ) line of the second rank-1 resonance, giving periodic orbits with stability E 1 E 2 , E 1 H 2 , E 2 H 1 , and H 1 H 2 .
As discussed in Secs. II E (i) and III a one dimensional chain of elliptic-elliptic and elliptic-hyperbolic periodic orbits arises from the break-up of an elliptic 1-torus with rational intrinsic frequency. This case is illustrated in
One-dimensional chain of periodic orbits at the intersection of the rank-1 resonance 7 : 0 : 2 and the family of elliptic 1-tori M fp 1 marked as point (7) in Fig. 5 (a) . Shown are two elliptic-elliptic (red) and two elliptic-hyperbolic (green) periodic orbits of period 7 (also shown in Fig. 2 (a) ). A 1-torus of M 
